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9 Uniqueness of real Lagrangians up to cobordism
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Abstract
We prove that a real Lagrangian submanifold in a closed symplectic
manifold is unique up to cobordism. We then discuss the classification of
real Lagrangians in CP 2 and S2 ˆ S2. In particular, we show that a real
Lagrangian in CP 2 is unique up to Hamiltonian isotopy and that a real
Lagrangian in S2 ˆ S2 is either Hamiltonian isotopic to the antidialgonal
sphere or Lagrangian isotopic to the Clifford torus.
1 Introduction
A Lagrangian submanifold L in a symplectic manifold pM,ωq is called real
if there exists an antisymplectic involution R : M Ñ M , i.e., R2 “ idM and
R˚ω “ ´ω, such that
L “ FixpRq
where FixpRq “ tx P M | Rpxq “ xu is the fixed point set. The fixed point set
of an antisymplectic involution is necessarily a Lagrangian submanifold of M if
it is nonempty. If M is boundaryless, then so is FixpRq.
Historically, antisymplectic involutions and real Lagrangians have appeared
in different aspects of symplectic topology. The Birkhoff (antisymplectic) invo-
lution on T ˚R2,
RBirkpq1, q2, p1, p2q “ pq1,´q2,´p1, p2q
played an intriguing role in the study of the restricted three body problem as a
discrete symmetry to describe symmetric periodic orbits, see [7]. The Arnold–
Givental conjecture [17] says that a real Lagrangian submanifold L in a closed
symplectic manifold pM,ωq manifests a rigidity phenomenon, namely that it
satisfies an Arnold-type estimate: if L & φHpLq for some Hamiltonian diffeo-
morphism φH , then
#
`
LX φHpLq
˘
ě
dimLÿ
j“0
dimHjpL;Z2q.
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For partially proved cases, we refer to [15, 24] and the literatures therein.
In this paper, we explore the topology of real Lagrangians towards their
uniqueness and classification. In contrast to monotone Lagrangian subman-
ifolds, for real Lagrangian submanifolds no classification result seems to be
known. The main result of this paper is the following uniqueness statement
about real Lagrangians.
Main Theorem. Any two real Lagrangians in a closed symplectic manifold are
smoothly cobordant.
This will be an immediate consequence of Theorem 3.1, which describes
an identity for cobordism classes. To prove the main theorem, we employ the
cobordism theory developed by Conner–Floyd [12].
We cannot in general expect uniqueness of real Lagrangians up to smooth iso-
topy or even up to diffeomorphism since there are two real Lagrangians in S2ˆS2
which are not diffeomorphic. Indeed, these real Lagrangians are smoothly cobor-
dant, but not Lagrangian cobordant, see Section 4.2. This shows that without
further assumptions, our uniqueness result for real Lagrangians up to smooth
cobordism is optimal. Notice that we do not claim the existence of real La-
grangians. As pointed out by Grigory Mikhalkin, a symplectic K3-surface with
a generic (with respect to the Z-lattice) cohomology class of the symplectic form
does not admit an antisymplectic involution at all, and hence in particular has
no real Lagrangian submanifold.
The classification of real Lagrangians in CP 2 and in the monotone S2 ˆ S2
follows quite easily from known results of the classification on monotone La-
grangian submanifolds, which are based on J-holomorphic curve theory. Com-
plex projective space CP 2 endowed with the Fubini–Study form ωFS contains
the canonical real Lagrangian RP 2, and as we show in Section 4.1 this is the
only one:
Proposition A. Any real Lagrangian in CP 2 is Hamiltonian isotopic to RP 2.
Consider S2 ˆ S2 equipped with the split symplectic form ω ‘ ω, where ω
denotes a Euclidean area form on S2. The antidiagonal sphere
∆ :“ tpx,´xq | x P S2u Ă S2 ˆ S2
where x ÞÑ ´x denotes the antipodal map, is a real Lagrangian via the anti-
symplectic involution px, yq ÞÑ p´y,´xq. The Clifford torus
TClif “ S
1 ˆ S1 Ă S2 ˆ S2
defined as the product of the equators in each S2-factor is a real Lagrangian
torus. The classification result is the following.
Proposition B. Let L be a real Lagrangian in S2 ˆ S2. Then L is either
Hamiltonian isotopic to the antidiagonal sphere ∆, or Lagrangian isotopic to
the Clifford torus TClif .
As mentioned before, the real Lagrangians ∆ and TClif are not Lagrangian
cobordant, see Section 4.2.
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Organization of the paper
The main results of the paper are stated in the introduction. In Section 2,
we give a quick review of the Thom cobordism ring and Smith theory, as the
main tools. In Section 3, we prove the main theorem and its related corollaries.
Finally, in Section 4 we discuss the classification of real Lagrangians in CP 2 and
S2 ˆ S2.
2 Topology of fixed point sets of involutions
We recall some facts from algebraic topology that are relevant for the study of
fixed point sets of involutions. Throughout this paper, all manifolds and maps
are assumed to be smooth.
2.1 The Thom cobordism ring
We briefly explain the Thom cobordism ring and its basic properties. We refer
to [12, 29] for more details.
Two closed n-manifolds X1 and X2 are cobordant if there is a manifold Y
(called a cobordism) such that BY “ X1\X2. We say that a manifold X is null-
cobordant (or bounds a manifold) if there is a manifold Y such that BY “ X .
The cobordism relation is an equivalence relation on the class of closed manifolds
of fixed dimension. The equivalence class of a closed manifold X is denoted by
rXs and is called a cobordism class of X . For n ě 0 we abbreviate
Nn “
!
rXs | X is a closed manifold of dimension n
)
.
An abelian group structure on Nn is given by disjoint union
rX1s ` rX2s :“ rX1 \X2s.
Note that X is null-cobordant if and only if rXs “ 0 in Nn. We abbreviate by
N “
ř
ně0 Nn the direct sum of cobordism groups. Topological product defines
a product structure on N,
rX1s ¨ rX2s :“ rX1 ˆX2s.
The ring N is called the Thom cobordism ring. Thom [27] showed that N is a
polynomial algebra over Z2, with one generator xi in each dimension i not of
the form 2j ´ 1 for j ě 1, i.e.,
N “ Z2rx2, x4, x5, x6, x8, . . . s.
Moreover, he showed that real projective spaces RP 2n represent generators x2n
of even dimensions, and Dold [14] explicitly constructed closed manifolds rep-
resenting the generators x2n`1 of odd dimensions. The following is obvious
from the structure of the Thom cobordism ring: if a closed manifold X satisfies
rXs2 “ 0, then rXs “ 0. This will be used in the proof of the main theorem.
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Remark 2.1.
(1) By Wall [29, Lemma 7], it is known that rCPns “ rRPns2.
(2) Two closed manifolds are cobordant if and only if they have the same
Stiefel-Whitney numbers, see [29].
(3) Since the Stiefel–Whitney numbers of RP 2n`1 vanish, rRP 2n`1s “ 0 for
all n ě 0.
(4) (1) and (3) yield rCP 2ns “ rRP 2ns2 “ x22n ‰ 0 while rCP
2n`1s “ 0.
(5) Let X1 and X2 be closed n-manifolds. Then
rX1s ` rX2s “ rX1#X2s
where # denotes the connected sum of manifolds. This follows from the
fact that the connected sum can be seen as a 0-surgery on X1 \X2.
2.2 Smith theory
The following theorem gives a topological constraint for the fixed point set of
an involution. See [8, p. 42], [9, Theorem 4.3] and [12, Lemma 27.2] for proofs.
Theorem 2.2 (Euler characteristic relation). Let I : X Ñ X be an involution
on a manifold X. Then we have
χpXq “ χpFixpIqq mod 2
where χ denotes the Euler characteristic.
Working mod 2 in this theorem is necessary as the example S2 with the
equator illustrates. An immediate corollary is that every fixed point set of an
involution on a manifold of odd Euler characteristic is nonempty. In particular,
we obtain
Corollary 2.3. Every fixed point set of an antisymplectic involution on a sym-
plectic manifold of odd Euler characteristic is nonempty and hence a closed real
Lagrangian submanifold.
One should be aware that this is a non-symplectic phenomenon. Here are
examples of symplectic manifolds of even Euler characteristic which admit an
antisymplectic involution with and without fixed points.
Example 2.4. The antisymplectic involution on CP 2n`1 defined by
rz0 : ¨ ¨ ¨ : z2n`1s ÞÑ r´z¯1 : z¯0 : ¨ ¨ ¨ : ´z¯2n`1 : z¯2ns
has no fixed point. On a closed surface Σg of genus g ě 0 one easily finds
antisymplectic involutions without and with fixed points.
The next topological obstruction for being the fixed point set of an involution
is the so-called Smith inequality. It says that the topology of the fixed point set
of an involution cannot be more complicated than the topology of the ambient
manifold in terms of the sum of Betti numbers. See [9, Theorem 4.1] for a proof.
Theorem 2.5 (The Smith inequality). Let I : X Ñ X be an involution on a
manifold X. Then we have
dimH˚pX ;Z2q ě dimH˚pFixpIq;Z2q.
Using this inequality, we deduce that a submanifold of CPn diffeomorphic to
the n-torus cannot be the fixed point set of an involution, as dimH˚pCP
n;Z2q “
n` 1 ă dimH˚pT
n;Z2q “ 2
n for n ě 2. In particular, the Clifford torus
T
n
Clif “
 
rz0 : ¨ ¨ ¨ : zns | |z0| “ ¨ ¨ ¨ “ |zn|
(
Ă CPn
is not a real Lagrangian for n ě 2. If n “ 1 the equator in CP 1 “ S2, which
can be seen as the 1-dimensional Clifford torus T1
Clif
, is a real Lagrangian.
On the other hand, by Darboux’s theorem, any symplectic manifold admits a
Lagrangian torus. In contrast to this, the existence of a (closed) real Lagrangian
in a symplectic manifold seems to be rare as this is a completely global problem.
Indeed, there is no closed real Lagrangian in pR2n, ω0 “
řn
j“1 dxj ^ dyjq by the
Smith inequality.
Remark 2.6. Historically, Smith theory studied the topology of the fixed point
sets of transformations of finite period on certain topological spaces. The central
philosophy is that the fixed point set inherits the same cohomological charac-
teristics of the ambient space. As a favorite result, if a manifold X is a mod 2
homology sphere, then so is the fixed point set of an involution on X . This is a
direct consequence of Theorems 2.2 and 2.5.
3 Proof of the main theorem
The main results of this paper are obtained from the following.
Theorem 3.1. If L is a real Lagrangian in a closed symplectic manifold pM,ωq,
then rM s “ rLˆ Ls.
The following lemma is a crucial ingredient of the proof. It intuitively says
that the cobordism class of the ambient manifold is completely determined by
a normal bundle of the fixed point set of an involution.
Theorem 3.2 (Conner–Floyd). Let I : X Ñ X be an involution on a closed
manifold X with nonempty fixed point set F “ FixpIq. Then we have
rXs “ rPpNXF ‘ εqs
where NXF is the normal bundle of F in X, ε is the trivial real line bundle
over F , and Pp¨q denotes the real projectivization of a vector bundle.
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We refer to [12, Theorem (24.2)] for the proof. We are now in a position to
prove Theorem 3.1.
Proof of Theorem 3.1. The result will follow from the fact that
• L is the fixed point set of a smooth involution, and
• NML is bundle isomorphic to TL since L is Lagrangian.
We consider the involution px, yq P L ˆ L ÞÑ py, xq with fixed point set ∆ “
tpx, xq | x P Lu. The correspondence
TLÑ NLˆL∆ Ă TL‘ TL, v ÞÑ pv,´vq
defines a canonical bundle isomorphism. By Theorem 3.2, we obtain
rLˆ Ls “ rPpNLˆL∆‘ εqs “ rPpTL‘ εqs.
On the other hand, applying Theorem 3.2 to M and L, and since TL – NML
via an ω-compatible almost complex structure J on M , we see that
rM s “ rPpNML‘ εqs “ rPpTL‘ εqs.
It follows that rM s “ rLˆ Ls.
Proof of Main Theorem. Let L0 and L1 be two real Lagrangians in M . Then,
by Theorem 3.1, we obtain rL0s
2 “ rL1s
2, which implies that
`
rL0s`rL1s
˘2
“ 0.
Hence, rL0s “ rL1s.
Remark 3.3. The identity for the cobordism classes in Theorem 3.1 also holds
for the fixed point set of an antiholomorphic involution on a closed complex
manifold, see Conner–Floyd [12, Theorem (24.4)].
Example 3.4. We cannot dispose of the assumption that the Lagrangian is
real in the main theorem. Consider the two monotone Lagrangians RP 2n and
T2n
Clif
in CP 2n. Since rRP 2ns ‰ 0 and rT2n
Clif
s “ 0, there is no cobordism between
RP 2n and T2n
Clif
. Recall that the Clifford torus Tn
Clif
is not a real Lagrangian for
n ě 2.
By the main theorem, whenever we can specify a diffeomorphism type of a
real Lagrangian in a closed symplectic manifold pM,ωq, it determines the cobor-
dism class of real Lagrangians in M . For example, RPn is a real Lagrangian
in pCPn, ωFSq and the diagonal ∆ “ tpx, xq | x P Mu is a real Lagrangian in
a product symplectic manifold pM ˆM, p´ωq ‘ ωq, where pM,ωq is a closed
symplectic manifold. We therefore obtain the following immediate corollaries of
the main theorem.
Corollary 3.5.
• Every real Lagrangian in CPn is cobordant to RPn.
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• Let pM,ωq be a closed symplectic manifold. Then every real Lagrangian
in a symplectic manifold pM ˆM, p´ωq ‘ ωq is cobordant to M .
It is worth noting that the cohomology ring of a real Lagrangian in CPn is
isomorphic to the cohomology ring of RPn. Indeed, it is known by Bredon [9,
p. 382] that the fixed point set F of any involution on CPn satisfies one of the
following:
(1) F is connected and H˚pF ;Z2q – H
˚pRPn;Z2q.
(2) F is connected and H˚pF ;Z2q – H
˚pCPn;Z2q.
(3) F “ H and n is odd.
(4) F “ F1 \ F2 and H
˚pFj ;Z2q – H
˚pCPnj ;Z2q for j “ 1, 2 and n “
n1 ` n2 ` 1.
Here all isomorphisms have to be understood as ring isomorphisms. Since the
only possible case for real Lagrangians is the first case, we obtain the following.
Proposition 3.6. The cohomology ring of a real Lagrangian in CPn is isomor-
phic to the cohomology ring of RPn.
Theorem 3.1 also has the following corollary.
Corollary 3.7. Suppose that Lj is a real Lagrangian in a closed symplectic
manifold pMj , ωjq for j “ 1, 2. If L1 and L2 are cobordant, then M1 and M2
are cobordant.
Example 3.8. Corollary 3.7 can fail if we drop the reality condition. Consider
monotone Lagrangian tori in S2 ˆ S2 and CP 2. Since rS2 ˆ S2s “ 0 and
rCP 2s ‰ 0, there is no cobordism between S2 ˆ S2 and CP 2.
Example 3.9. The equator of S2 is a real Lagrangian circle and the diagonal
∆ “ tpx, xq | x P S1u Ă T 2 is a real Lagrangian circle in T 2, and S2 and T 2 are
indeed cobordant.
4 Classifications of real Lagrangians in some ra-
tional symplectic 4-manifolds
If a symplectic manifold pM,ωq is spherically monotone, meaning that there
exists C ą 0 such that for all α P pi2pMq we have
c1pMqrαs “ C ¨ ωpαq,
then every real Lagrangian is monotone as a Lagrangian submanifold [23, p.
954]. By a monotone Lagrangian submanifold we mean that there exists K ą 0
such that for all β P pi2pM,Lq we have
µLpβq “ K ¨ ωpβq
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where µL : pi2pM,Lq Ñ Z denotes the Maslov class of L.
In this section, we discuss the classification problem of real Lagrangians in
two spherically monotone rational symplectic manifolds: pCP 2, ωFSq and pS
2 ˆ
S2, ω ‘ ωq, where ω is a Euclidean area form on S2.
Remark 4.1. A symplectic structure on CP 2 and S2 ˆ S2 which is spherically
monotone is unique up to symplectomorphism and scaling, see [26, Theorem B],
[22] and [20, Theorem B].
4.1 Real Lagrangians in CP 2
We have seen that a real Lagrangian in CPn is cobordant to RPn and that its
cohomology ring is isomorphic to the one of RPn. For n “ 2 a much stronger
result holds, see Proposition A. We shall prove this.
Proof of Proposition A. By the Smith inequality, the only closed surfaces that
can be the fixed point set of an involution of CP 2 are S2 and RP 2. The Euler
characteristic relation further excludes S2. In particular, a real Lagrangian in
CP 2 must be diffeomorphic to RP 2. (This also follows directly from Proposition
3.6.) We already know that RP 2 is a real Lagrangian. By Hind and Li–Wu [21,
Theorem 6.9], any two Lagrangian RP 2 in CP 2 are Hamiltonian isotopic.
On the other hand, one can examine the Lagrangian cobordism relation in-
troduced by Arnold [2, 3]. We refer to Biran–Cornea’s Lagrangian cobordism
theory [4, 5, 6] for recent developments.
We say that two closed LagrangiansL and L1 in a symplectic manifold pM,ωq
are Lagrangian cobordant if there exist a smooth cobordism V between L and
L1, and a Lagrangian embedding
i : V ãÑ
`
pr0, 1s ˆ Rq ˆM, pdx ^ dyq ‘ ω
˘
such that for some ε ą 0 we have
V X
`
r0, εq ˆ RˆM
˘
“ r0, εq ˆ t0u ˆ L,
V X
`
p1 ´ ε, 1s ˆ RˆM
˘
“ p1 ´ ε, 1s ˆ t0u ˆ L1.
If two connected Lagrangians are Hamiltonian isotopic, then the Lagrangian
suspension construction shows that they are Lagrangian cobordant [4, Section
2.3]. Hence, we obtain the following.
Corollary 4.2. Any two real Lagrangians in CP 2 are Lagrangian cobordant.
In general, two real Lagrangians may not be Lagrangian cobordant, see
Section 4.2.
Remark 4.3. The classification of monotone but not necessarily real Lagrangian
submanifolds in CP 2 is much more complicated:
• By Shevchishin [25], there is no Lagrangian Klein bottle in CP 2.
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• Vianna [28] has (partially) proved the conjecture of Galkin–Usnich [16]
by constructing infinitely many symplectomorphism classes of monotone
Lagrangian tori in CP 2.
• Actually, there is no Lagrangian sphere in CP 2 for homological reasons:
no homology class in H2pCP 2;Zq has self-intersection number ´2.
• Besides for real Lagrangians, there are non-real monotone Lagrangians in
CP 2, for example, the Clifford torus T2
Clif
and a Lagrangian submanifold
in CP 2 diffeomorphic to Σ2#K, see [1, Theorem 2].
4.2 Real Lagrangians in S2 ˆ S2
We shall prove Proposition B. By the Smith inequality,
S2, T 2, RP 2, K “ RP 2#RP 2, S2 \ S2
are the only closed surfaces that can possibly be the fixed point set of an involu-
tion. The Euler characteristic relation excludes RP 2 from this list. Recall that
the antidiagonal sphere ∆ and the Clifford torus TClif are real Lagrangians in
S2 ˆ S2, see Section 1. By Weinstein neighborhood theorem, any Lagrangian
sphere in a symplectic 4-manifold has self-intersection number ´2 and hence is
homologous to ∆. This implies that there is no disjoint union of two Lagrangian
spheres in S2ˆS2. We learned the following lemma and its proof from Grigory
Mikhalkin.
Lemma 4.4. Assume that the fixed point set F “ FixpIq of a smooth involution
I on S2 ˆ S2 is diffeomorphic to a closed connected surface. Then F must be
orientable.
Proof. Assume to the contrary that F is non-orientable. We then find an em-
bedded loop γ in F so that its mod 2 self-intersection number in F is
rγs ¨ rγs “ 1 mod 2.
Since S2 ˆ S2 is simply-connected, we can choose a membrane Σ Ă S2 ˆ S2
for γ, i.e., Σ is a connected oriented surface with BΣ “ γ such that Σ meets F
normally along γ and transversely elsewhere. Consider the union Z :“ ΣYIpΣq
with homology class rZs P H2pS
2ˆS2;Z2q. The mod 2 self-intersection number
of Z is then
rZs ¨ rZs “ rγs ¨ rγs “ 1 mod 2. (4.1)
To see this, suppose that Z˜ is an I-invariant perturbation of Z such that Z˜
and Z intersect transversely. Since away from γ, the surface Z intersect F
transversely in a finite number of points, we can choose Z˜ in such a way that
Z X Z˜ X F is contained in γ. Then all intersection points of Z and Z˜ come in
pairs, except for those coming from γ, whence (4.1) follows, see Figure 1. But
(4.1) is impossible since the intersection form of S2 ˆ S2 is even, i.e., A ¨ A is
even for all A P H2pS
2 ˆ S2;Zq.
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FΣ
IpΣq
Z˜
γ
Figure 1: The intersection points away from F come in pairs.
Hence, there is no a real Lagrangian Klein bottle in S2 ˆ S2. By Hind [19],
any Lagrangian sphere in S2 ˆ S2 is Hamiltonian isotopic to the antidiagonal
∆. By Dimitroglou Rizell–Goodman–Ivrii [13], any two Lagrangian tori in S2ˆ
S2 are Lagrangian isotopic to each other. To sum up, our discussion proves
Proposition B.
Although ∆ and TClif are smoothly cobordant, they are not Lagrangian
cobordant, which shows that the uniqueness of real Lagrangians up to La-
grangian cobordism fails in general. This is an easy consequence of the fol-
lowing observation: if two closed Lagrangians in a symplectic manifold are La-
grangian cobordant, then they are Z2-homologous, i.e., they represent the same
Z2-homology classes.
Indeed, let L and L1 be two Lagrangian submanifolds of the symplectic man-
ifold pM,ωq that are Lagrangian cobordant through the Lagrangian embedding
i : V ãÑ r0, 1sˆRˆM . Denoting by pi : r0, 1sˆRˆM ÑM the projection onto
M , the map pi ˝ i : V ÑM shows that L and L1 are Z2-homologous.
Since ∆ and TClif are not Z2-homologous (indeed, the Z2-homology class of
TClif vanishes while the one of ∆ does not), they are not Lagrangian cobordant.
Lagrangian cobordant
smoothly cobordant Z2-homologous
Remark 4.5. The classification of monotone Lagrangian submanifolds in S2ˆS2
has a rich history, specially for monotone Lagrangian tori.
• By Chekanov–Schlenk [10, 11], there is a monotone Lagrangian torus,
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called the Chekanov torus, in S2 ˆ S2 which is not Hamiltonian isotopic
to the Clifford torus.
• Vianna [28] constructed infinitely many symplectomorphism classes of
monotone Lagrangian tori in S2 ˆ S2.
• Goodman [18, Corollary 7] gave the construction of two Lagrangian Klein
bottles in S2 ˆ S2 which are not homologous to each other.
• By Abreu–Gadbled [1, Theorem 2], there exists a non-real monotone La-
grangian submanifold in S2 ˆ S2 diffeomorphic to Σ4#K.
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